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manifolds which are not Einstein. We also exhibit Jacobi-Videv algebraic 
curvature tensors where the Ricci operator defines an almost complex structure. 



1. Introduction 



Studying additional algebraic properties of the curvature tensor and relating 
these properties to the underlying geometry is an active field of investigation re- 
cently. Although Lorentzian geometry plays a central role in mathematical physics, 
the higher signature context is important as well. We refer to [U [2] for a discussion 
(-H I of signature (2, 2) Walker metrics; these are manifolds which admit a parallel to- 

tally isotropic 2-plane field. Dual and anti-self dual metrics are discussed by [3j |4] 
in the higher signature setting. Manifolds with a nilpotent Ricci operator of higher 
order appear naturally , and manifolds of signatures other than Riemannian or 
Lorentzian are important in Brane theory 6 . 

In this paper, we shall study when the Ricci operator and the Jacobi operator 
^ I commute. Let V be the Levi-Civita connection of a pseudo-Riemannian manifold 

■ (M, g) of signature {p, q) ; we shall primarily be concerned with the case p > 1 and 

I q> I. Let TZ{x,y) := VjjVj, — WyWx — ^[x,y] be the Riemann curvature operator, 

let J^{x) : y — s- TZ{y,x)x be the Jacobi operator, and let p be the Ricci operator. 
^ Following seminal work of Videv, we say that A4 is Jacobi-Videv if J(x)p = pj(x) 

^ . for all X. 

I Clearly if M. is Einstein, i.e. if p = cid, then M. is Jacobi-Videv. If M. is 

. indecomposable, the converse implication holds in the Riemannian setting; any 

indecomposable Riemannian Jacobi-Videv manifold is necessarily Einstein [7]; we 
also refer to related work f8^. This implication fails in the indefinite context. One 
' has the following family of examples which are Jacobi-Videv and not Einstein. 

^ . Manifolds in this family have been studied previously in different contexts, see for 

example jH [TOl [HI [HI HI] ; we also refer to [Ml [H] 

Definition 1.1. Let fc > 1, let ^ > 1, and to = 2A; + Introduce coordinates 

(a;i, ...,a;fe, j/i, on M" . 

Let indices z,j range from 1 through k and index the collections \^x^^ ...,9a:fc} and 
{^2^, c^j^}. Let indices a, 6 range from 1 through t and index the collection 
Let S'^(M'') be the set of symmetric 2-tensors on R*^ and let i/' be 
a smooth map from to iS'^(M'^). Let Cah — C'ba define a non-degenerate inner 
product of signature (u, v) on where u + w = ^. We use ^ and C to define a 
pseudo-Riemannian manifold — M.C41 ■= {^'^''^^ , gc,i>) where g = gc,^ is the 
pseudo-Riemannian manifold of signature (fc + u, fc + v) with non-zero components 

g{dxi,dx^) ■■= -'2.%l)ij{y), gidy^,dyj ^ Cab, g{dxi,dx,) = I ■ 



Theorem 1.2. The manifold A4c,4> of Definition ] 1.1] is Jacobi-Videv with nilpotent 
Ricci operator p. Furthermore, M.c,\p is Einstein if and only if for any i,j with 
^ < i,j < k we have J2ab ^'^^'^Vady^'^ij = 0. 
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We note that if "0 is a periodic function, then the metric g descends to define 
a metric on the torus T^*^"*"^. Thus there are compact examples of Jacobi-Videv 
manifolds which are not Einstein. 

One says that a pseudo-Riemannian manifold Ai is curvature homogeneous if 
given any two points P and Q of M, there is an isometry (t>p.Q from TpM to TqM 
so that 4'*p,qRq = Rp- 

Although a pseudo-Riemannian manifold need not be Einstein, it is known [7] 
that if M is an indecomposable Jacobi-Videv manifold, then either p has only one 
real eigenvalue or p has two complex eigenvalues which are complex conjugates; 
such a manifold is said to be pseudo-Einstein. Clearly if p is nilpotent, then is 
the only eigenvalue of p. This does not, however, imply Ai is Jacobi-Videv as the 
following result shows: 

Theorem 1.3. Let {a;,y, he coordinates on M**. Let (j) G C°°(M). Assume 

r{y) ^ for all y. Let M := iR\ g) where g{d^,d^) = g{dy,dy) = g{d,,d,) = 1 
and g{doo, dz) = 2(?!)(y). Then: 

(1) Rank{p} = 3, Rankip^} = 2, Rank{p^} = 1, and p^ = 0. 

(2) A4 is not Jacobi-Videv. 

(3) := if)'(f)'{(l)"}~'^ is a local isometry invariant of A4. 

(4) The following assertions are equivalent: 

(a) M is curvature homogeneous. 

(b) A4 is isometric to A4b which is defined by (f>{y) = e^^ for b > 0. 

(c) M is homogeneous. 

Let X = {xi,X2,X3,X4) be the canonical coordinates on M**. One says that a 
pseudo-Riemannian manifold M of signature (2, 2) is a Walker manifold if it admits 
a parallel totally isotropic 2-plane field - see [1] for further details. Such a manifold 
is locally isometric to an example of the following form: 

9{da;,,d^.,) ^ g{d^^,d^J ^ I, g{dx^,d^.J ^ gssix), 

There are Jacobi-Videv manifolds of signature (2, 2) which arise in the context of 
Walker geometry where we take 533 = 544 = 0. We refer to [16] for the proof the 
following result and also for further information concerning Walker geometry: 

Theorem 1.4. Let M := (K"', g) be given by Eq. U.a\) where 333 = 544 ~ 0. Then 
M. is Jacobi-Videv if and only if g^A — 2;iP(a;3, X4) + .T2Q(x3, a;4) + S'(a;3, X4) where 
either 

(1) P/3 = Q/4; i.e. Qdx^ + Pdx^ is a closed 1-form, or 

(2) There exist (a, 6, c) ^ (0, 0, Q) so P = -rr^ — and Q = —r-^ — . 

^ ' V 7 1 / / V ? 7 / a+bx3+cX4 ^ a+bx3+cx^ 

We remark that such a manifold is Einstein if and only if (2) holds. Thus Jacobi- 
Videv manifolds which are not Einstein may be created by taking (P, Q) to satisfy 
(1) but not (2); these will satisfy p is nilpotent but p need vanish identically. 

We say that Ai is skew-Videv if TZ{x,y)p = pTl{x,y) for all x,y. The following 
observation, which is of interest in its own right, will be crucial in our discussion: 

Theorem 1.5. Let M. be a pseudo-Riemannian manifold. The following assertions 
are equivalent: 

(1) R{pii,i2,^^,U) = i?(Ci,p6,6,?4) = i?(Ci,6,p6,?4) = i?(6,6,6,pe4) 

for all i^&V. 

(2) Ai is skew-Videv. 

(3) Ai is Jacobi-Videv. 

We say M is Jacobi-Tsankov if J{ii)J{£,2) = >7(6)^(6) for all ^1,^2 e V and 
that M is mixed-Tsankov if J'(a)7?.(6, 6) = 7^(6,6)>7(6) for all 6,6,6 e V. 
As a scholium to the proof of Theorem 11.51 we will obtain the following 
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Theorem 1.6. Let M. be a pseudo-Riemannian manifold. Then M. is Jacobi- 
Tsankov if and only if M is mixed-Tsankov. 

The examples we have discussed in Theorems 11.21 and 1 1 . 41 involved nipotent Ricci 
operators. We now discuss examples which are not Einstein, which are Jacobi- 
Videv, and where p is not nilpotent. To do this, it is convenient to pass to the 
algebraic setting. Let V he a finite dimensional vector space which is equipped 
with a non-degenerate inner product of signature {p,q). Let A G be a 4- 

tensor. One says that DXt := {V, (•, ■),A) is a model if A has the symmetries of the 
Riemann curvature tensor: 

A{vi,V2,V3,V4) = A{V3,V4,VI,V2) = - A{v2, Vi, V3, V4) , 
A{vi,V2,V3,V4) + A{V2,V3,VI,V4) + A{v3, Vi, V2, V4) = 0. 

The associated curvature operator A and bilinear Jacobi operator J7 are character- 
ized by the identities: 

{A{VI,V2)V3,V4) = A{vi,V2,V3,V4), 

{J{V1,V2)V3, Vi) = ^{A{V3,VI,V2, V4) + A{V3,V2, Vi,V4)) ; 

the classical quadratic Jacobi operator being given by J^{v) := J(v,v). 

Definition 1.7. Let SOto (Vq, (•,•), Aq) be a Riemannian model. Let {ti} be 
an orthonormal basis for Vq. Let Vi — Vf^ ® be two copies of Vq with bases 
{e+e-}. Let 97li := (V^i, (•,•), v4i) where 

(e+,e+) = l, (e-,e-)=-l, 

Ai(e~,e+,e^,e/") = Ai(e+, ej, e+, e^) = Ai(e+, e+, e^:, e^) 

Ai(e+,e+,e+,e;"") = Ao(ei, e^, efc, e;), 

Ai{e+ ,el,ej) = Ai(e,^, e+, e^, ef ) = Ai(e,r, ej, e^, e^) 

= Ai{e~ ,e~ ,e'f.,e'l) = -Ao(ei, e^-, efc, e;) . 

The following result may be used to construct examples of Jacobi- Videv models 
with p^ = — 4s^id: 

Theorem 1.8. Let 9Jlo be a Riemannian Einstein model with Einstein constant s 
and let dJli be given by Definition \1.7\ Then dJli is a neutral signature model with 
p^^ — —As'^id which is Jacobi-Videv. 

There are geometric examples of this phenomena. Again, we specialize the metric 
of Eq. (|l.ap appropriately: 

Theorem 1.9. Let {xi,X2,X3,X4) be coordinates on M*. Let Ai :~ (M'*, g) where 

g{do,^,dx^) = g{da;^,dxj = 1, gidx^^d^J = s{xl - x?)/2, 

g{dx3,dx3) = SX1X2, g{dxi,dxj = -8X1X2 ■ 

Then M is locally symmetric (i.e. Vi? — 0),M is Jacobi- Videv, M is skew-Videv, 
and p^ = —s'^id. 

If s = 1, then p^ ~ —id so the Ricci operator p defines an almost complex 
structure on M.\ note that p is self-adjoint with respect to g and not skew-adjoint 
with respect to g and thus p is not unitary. Furthermore, since Vi? = 0, Vp — 0. 
This manifold has been studied independently in a different context by E. Garci'a- 
Ri'o [T7]. They have informed us that both g and the associated Ricci tensor are 
irreducible (2, 2)-metrics sharing the same Levi Civita connection and observed that 
this cannot happen either in the Riemannian nor the Lorcntzian cases following 
results of |T8] . 

Here is a brief outline to this paper. In Section [2l we establish Theorem 11.21 
in Section [21 we establish Theorem 11.31 in Section 2] we establish Theorem 11.51 in 
Section [S] we establish Theorem 11.81 and in Section [51 we establish Theorem 11.91 



4 p. gilkey and s. nikcevic 

2. The proof of Theorem 11.21 

Let tpij/a ■— 9y^ipij and let ipij/ab '■— dy^dy^-ipij- The non-zero ChristofFel symbols 
of the first kind are given by: 

g(V9^ . d^. , dy^ ) = ip,j/a , and 

5(Va,^ dy^ , d^^ ) = gC^dy^ ,d^,) = -Aj/a ■ 

Let C"'' denote the inverse matrix. We adopt the Einstein convention and sum over 
repeated indices. The non-zero Christoffel symbols of the second kind are given by: 

"^d^^d^, = C'"^A]/cdy^, and 
Clearly 7^(^i,C2)'?3 = if any £_i e Spanj^s^}. Furthermore, 

7^(a,, , 9,^. )dy^ = Va,_ Va,^ 9y„ - Va,^. Va,^ 9y„ = 0, 

T^i9ya,9yjdx, = ^dy^dy^dxi - ^dy^dy^dx, 

= -Va„„{5'="V.fc/(,9s„} + Va„J<5'=>,fc/,asJ = 0, 

'^{dy^,dy,)dy^ =0. 

The polarized Jacobi operator is given by 

:6^H^fe,eiK2 + 7e(C3,6)ei} ■ 

The Ricci form p(^i,^2) := Tr{J'(^i, ^2)} vanishes if any e Spanjc^j.}. Set 

-Ryfe" = C'"'-5'^^{-4'jk/ci'ir/d + ^ik/ci'jr/d} ■ 

One has: 

J{dxi,dxj)dx^, = ^{Rkij" + Rkji'^)dx„, 'J{dxi,dxj)dy^ — C^'^tpij/acdy^, 
J{dx,,dy,)dxj = -^C'^i^tj/bcdya, J{dx,,dyjdy, = -^S''"''ipik/abdx„, 

J{dy^,dy^)dx, = 5^'^i}}^k/abdx^i J{dy^,dyjdy^ = . 

Thus the non-zero components of the Ricci form ^(^1,^2) '■— Tr{j/(^i, ^2)} may be 
seen to be: 

P{dx,,dxf) = C'^'lPij/ac- 

Raising indices shows that the Ricci operator is given by: 

(2.a) p{dx^) = C-'5^''i^^j/acd,,, p(5,J = 0, p{d^,) = . 

Since 

Range{J'(^i,C2)} C Spanja^^ , a^;} C ker{p}, 
Range{p} C Span{asJ C ker{J^(a, 6)}, 

one has that pJ{^i,S,2) — J{^i,^2)p = 0. Thus M is Jacobi- Videv. Since the Ricci 
operator is nilpotent, A4 is pseudo-Einstein. Equation (|2.ap shows A4 is Einstein if 
and only if p = 0, i.e. if C°-^^ij/ab = for all ij. □ 
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3. The proof of Theorem 11.31 

Let {x, y, z, x) be coordinates on R**. Let (j) ~ (piy) be a smooth function defined 
on a connected open subset of M. We consider the metric 

gidx, ds) = gidy, dy) = g{d^,d^) = 1, g{d^,d^) = 24){y) . 

The Christoffel symbols of the first kind are given by: 

^(Va^a^, dy) = g{Vd^d^, dy) = -0', 

gC^d^dy, dz) = gi^dydx, dz) = g{\/9^dz,dx) = g{Wa^dy,dx) = 0' • 
The non-zero covariant derivatives are therefore given by: 

"^djy = Va„9, = 4>'{d, - 24>d^}, 

The action of the curvature operator may therefore be described by: 



7^(9. 


dy)dx 










dy)dy 


= -Va>'{a, - 209^} = 




{2</>'V + 0'0'}9g, 




dy)9z 


= Va.0'5s + Va>'ay = 


4>"dy, 






dz)dx 


= = -</.'</>'R 








dz)dy 




2</)as} = 


0, 




dz)dz 


= Vd^(j)'dy = (t)'(j)'dx, 








dz)dx 


^~VdJdy~Vz(p'{dz' 


- 2098 } = 






dz)dy 








n{dy 


dz)dz 


= -Va,0'55 = 0. 







Consequently 

p : a, ^ -0"a, + 2(0V' + p : a, ^ -0"as . 

Since p is nilpotent, is pseudo-Einstein. We verify that Al is not Jacobi-Videv 
by computing: 

pj{.dx, dy)dy = -ip{-0"a, + (20"0 -I- = -^rrds, 

J{dx,dy)pdy = 0. 

We now study the curvature tensor. We have 

R{dx, dy, dy, dx) = 4>'4>', R{dx,dz, dz,dx) = R{dy,dz, dz,dy) = 0, 

R{dy,da;,dx,dz) ^ 0, R{dx,dy,dy,dz) = -(j)" , R{dx,dz,dz,dy) = 0, 

We say that a basis {X, Y, Z, X} is normalized if 

.g(y,r)-l, .g(Z,Z) = l, 

(3.a) R{X, Y, Y, X) = 0, R{X, Z, Z, X) = R{Y, Z, Z, Y) = 0, 

R{Y,X,X,Z)^Q, R{X,Y,Y,Z)^ ^l, R{X, Z, Z,Y) ^ . 

Note that R{X, Z, Z, X) is not specified. To create a normalized basis, we set 

X := ei{d., + 6idz - \{6l + H5i)d^}, 

Y := dy, Z:=dz- {5i + 24>)d^, X := e^^d^ . 
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We then have: 

g{X,X)=g{Z,Z)=g[Y,Y) = l, 

R{X, Y, Y, X) = el{(ly'<j,' - 2,5i0"}, 

R{Y, Z, Z, Y) = R{Y, X, X, Z) = R{X, Z, Z, Y) = 0, 

R{X, y, y, Z) = -£10", R{X, Z, Z, X) = e\(j)'(j)' . 

A normahzed basis may then be defined by setting: 

£1 and = . 

We study the group of symmetries. We note that p : X ^ — Z and p : Z ^ —X. 
Let {Xi,Yi, Zi, Xi} be another normahzed model. Equation (|3.aP yields 

Vi := Span^^gR4{7^(6,6)e3} = Span{y = Span{Yi, Zi, Xi}, 

= Span{X} = Span{Xi}, 
ker(p) = Span{r,X} = Span{Yi,Xi} . 

Consequently, we may express: 

Xi = aiX + a2Y + a^Z + a^X, Yi = biY + 

Zi = ciF + C2Z + C3X, Xi=diX. 

The conditions on the metric tensor yield 61 = ±1, ci = 0, and C2 = ±1. The 
condition R{Xi,Yi,Yi, Xi) — shows 03 = 0; as R{Yi, Xi, Xi, Zi) — 0, one also 
has a2 — 0. Thus since g{Xi,Yi) — g{Xi, Zi) = we also have 62 = C3 = 0. 
Since g{Xi,Xi) = 0, we also have 04 = 0. The relations g{Xi,Xi) — 1 and 
R{Xi, Yi,Yi, Zi) = —1 then imply ai = C2 and di = Ui . Thus 

Xi = aiX, Yi = biY, Zi = aiZ, Xi = a^^X for a\^h\ = l. 

The calculations performed above show that 

:= R{X, Z, Z, X) = 

is a local isometry invariant of M\ Assertion (2) of Theorem 11.31 follows . 

Assume that AA is curvature homogeneous. By Assertion (2), is constant. 
This implies that </> = ae^y + c where a, 6, and c are suitably chosen real constants 
with a 7^ and h ^ Q and consequently 

ds^ = dx o dx + dy o dy + dz o dz + 2{ae''^ + c}dx o . 

We change variables setting x = a~^xi, y = sign(&)yi, z = zi, and x — axi — 2cz. 
We show Assertion (3a) implies Assertion (3b) by checking: 

ds^ = a^^dxi o (adxi — 2cdz) + dyi o dyi + dzi o dzi 
+2{ae^''^y' + c)a-^dxi o dzi 
= dxi o dxi + dyi o dyi + dzi o dzi + 2e'^'^Ma;i o dzi . 

We therefore suppose (f){y) = e^^ for 6 > 0. Given (oi, a2, aa, 04) G M"*, let 
T{x,y,z,x) = (e"2''°2a; + ai,?/ + 02,2 + 03, €^'"'25 + 04). Then 

r*ds2 = e-^'"'^dxoe^'"'^dx + dyody + dzodz 
+ 2e''^y+''^^e-^'"'^dxodz^ds^ . 

Consequently, T is an isometry of M with r(0, 0, 0, 0) = (oi, 02, a3, 04). This shows 
that the group of isometrics acts transitively on which completes the proof of 
Theorem [Ql □ 
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4. The proof of Theorem 11.51 

We begin with a brief technical observation: 

Lemma 4.1. Let dJt be a model and let T be a self-adjoint linear map of V . The 
following conditions are equivalent: 

(1) ^(^^1,6,6,^4) = A(a,T6, 6,^4) 6,^6,^4) =^(^1, 6,6, m) 

for all € V. 

(2) T^(6,6) = ^(6,6)7^ for all G V. 

(3) TJiC) = JTiC) for all ^eV. 

Proof. Let := (6,6,6,6) G Let {i,j,k,l} denote a permutation of the 

indices {1,2,3,4}. Set ^ijkl — O^ijkl (6 := ^(7'6,6,6-,6); a need not have the 
symmetries of an algebraic curvature tensor. Conditions (1), (2), and (3) are equiv- 
alent, respectively, to the following identities: 

(4. a) Qijki = —Ojiki — akiij — —aikij, 

(4.b) Qijki = —OjiM, 

(4.c) aiju + o-ikji = aijki + aikji ■ 

Clearly Eq. (j4a|) implies both Eqs. (jTb)) and (|4cl) . 

Conversely, suppose Eq. (|4.bp holds. We may express: 



01234 


= ai. 


01342 


= ^2, 


01423 


= -ai 


— OL2 


02134 


= -ai. 


02341 


= ^3, 


02413 


= ai — 


"3, 


03124 


= ^2, 


03241 


= -"3, 


O3412 


— ~a2 


+ "3 


04123 


= ai + ^2, 


04231 


= ai- as, 


O43I2 


— ct-i — 


"3 • 



The Bianchi identity then implies a3 = ai + 012 and Eq. (|4.aP then follows. 
Finally, suppose Eq. (|4.cp holds. We use the Bianchi identities to express: 



01234 


= ai. 


01342 


= "2, 


01423 


= — ai — a2 


02134 


= -/3i, 


02341 


= /3i+/32, 


02413 


= -/32, 


03124 


= 72, 


O3241 


= -71 - 72, 


O3412 


= 71, 


04123 


= ^1 + ^2, 


O423I 




O43I2 


= -Jl. 



We use Eq. (|4.cp to derive the 6 identities: 

ai + 2q!2 = 01342 + 01432 = 02341 + 02431 = A + 2/^2, 
-2ai - Q!2 = 01243 + 01423 = O324I + O342I -27i - 72, 
ai — a2 = O1234 + 01324 = O4231 + O4321 = (5l — (^2, 
/3l - /?2 = 02143 + 02413 = O3142 + O3412 = 7l - 72 , 

— 2/3i — (32 = 02134 + 02314 = 04132 + 04312 ~ — 2(5i — 62, 

71 + 272 — O3124 + O3214 — 04123 + O4213 = (5i + 262 ■ 

We set /3i = a; + 7^ = ai + gi, and 5i = ai + tJi. We then have: 

= £i+2e2, = -2^1 - £i2, = 0-1 -0-2, 

£1 — £2 = Qi ~ Q2, — 2ei — £2 = —2(71 — cr2, £'1 + 2^)2 = CTi + 2(T2 • 

We use the first three equations to see ei = — 2£2, g2 = — 2gi, and ai = CT2. The 
final 3 equations then become: 

— 3£2 = 3£li, 3£2 = — 3(Ti, —3qi = 3(Ti . 

These equations imply Si — Qi — ai = and hence a; = Pi — ji — Si which 
completes the proof of the Lemma by showing Eq. (|4.ap holds. □ 

Theorem 11.51 now follows from Lemma 14.11 by taking T — p and Theorem 11.61 
follows by taking T — J{x). 
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5. The proof of Theorem 11.81 

We complexify and let Vc '■= Vq (8)r C. We extend (•, •) and Ao to be complex 
multi-linear. Let {e^} be an orthonormal basis for Vq. Let {e^ :— e^, :~ \/~lei} 
be a basis for the underlying real vector space Vi :— V (B ^/^V. Let 3? and 9 
denote the real and imaginary parts of a complex number, respectively. It is then 
immediate that 

(•,•) :=5R{(.,.)} and •,•,•)= 5{Ao(-, •,•,•)} ■ 

Consequently, Ai has the appropriate curvature symmetries and defines an algebraic 
curvature tensor. We study the Ricci tensor by computing: 

fc 

= 3^{Ao(ei,efc,efc,ej) + Ao(ei, e^, e^, Cj)} = 0, 
fc 

fc 

= 3^{-Ao(ei, Cfc, Cfc, Ej) - Ao{ei, ek,ek, ej)} = 0, 
fc 

fc 

= {V-l-^o(ei, efc, efc, Cj) + Ao{ei,ek, Cfe, 6^)} 

fc 

= 2^Ao{vi,Vk,Vk,Vj) = 2poivi,v.j) = 2s5ij 
fc 

since 9Jto is Einstein. We show p\ — — 4s^id by computing: 

pi : ef —f ~2se^ and pi : e^' 2sef . 

We can view pi — ~2s^/—l as a complex linear map of Vc- Since we extended 
Aq to be complex multi-linear, we compute 

Ai{pix,y,z,w) = '^{Aa{pix,y,z,w)} = '^{AQ{-2s^/^x,y,z,w)} 
= ^{-2s^/^Ao{x, y, z, w)} = ^{Ao{x, y, z, -25^^^)} 
= ^{Ao{x,y,z,piw)} = Ai(a::,2/,z,piw) . 

Theorem 11.51 now shows this model is Jacobi-Tsankov and Jacobi-Videv. □ 



6. The proof of Theorem 11.91 
Theorem 1 1 . 91 will follow from Theorem 11.51 and from the following result: 

Lemma 6.1. Let Ai be the manifold of Theorem ] 1 . 9[ Then 

(1) A4 is locally symmetric. 

(2) Let K = §• Then R1314 = k, i?i323 = —k, -R1424 = k, and i?2324 = — 

(3) pdxi = -sdx2, P9x2 = P9x3 = sd^;,^, and pd^^ = -sd^^- 

(4) 6,6,^^4) = for all^. 

(5) = i?te,6,6,pC4) for alii,. 
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Proof. We used a Mathematica package developed by M. Brozos- Vazquez, J.C. 
Di'az-Ramos, E. Garcia-Ri'o and R. Vazquez-Lorenzo to establish Assertions (1)- 
(3). We establish Assertion (4) by computing: 



-Rl314 = 


K, 


-Rpl,p3,l,4 — 


— S^-R2414 — 


— S^K, 


Rpl,3,plA — 


S^i?2324 = 








Rpl,3,l,p4: — 


S^-R2313 — 




Rl,p3,plA — 


— S^-Rl424 = 








-Rl,p3,l,p4 = 


-S^RlilS = 


— S^K, 


-Rl,3,pl,p4 = 


5^^1323 = 


2 

— SK 


-Rl323 = 


— K, 


-Rpl,p3,2,3 — 


— S^_R2423 = 




^pl,3,p2,3 — 


— 5^^2313 — 


2 

S K 






^pl,3,2,p3 — 


— S^-R2324 — 


2 


Rl,p3,p2,3 — 


S^RlilS = 


2 






Rl,pZ,2,p3 — 


S^-Rl424 = 


2 


Rl,3,p2,p3 — 


S^-Rl314 = 


2 

S K 


^1424 = 


K, 


^pl,p4,2,4 = 


S^i?2324 


2 


^pl,4,p2,4 = 


— S^-R2414 — 


2 

— SK 






^pl,4,2,p4 = 


5^-^2423 = 


2 

— S K, 


^I,p4,p2,4 = 


— S^i?1314 = 


— S^K, 






^I,p4,2,p4 = 


S^-Rl323 = 


2 

— S K, 


^I,4,p2,p4 = 


— S^i?1413 = 


— S^K 


^2324 — 




Rp2,p3,2,4: = 


S^-Rl424 = 




Rp2,3,p2,4: = 


S^Rl314 = 


S^K 






Rp2,3,2,p4 = 


— S^_Rl323 — 




^2,p3,p2,4 — 


S^-R2414 = 


2 






^2,p3,2,p4 — 


— S^-R2423 — 




^2,3,p2,p4 = 


— S-^_R2313 — 


2 



Since = — s^, Assertion (5) follows from Assertion (4). □ 
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